
Forward transformation
The transformation can be defined by the sequential multiplication of the 
matrices:

At
w = AO

w ⋅ AA
O ⋅ AP

A ⋅ A t
P                                            (18)

with the matrices built up as follows:

AO
w =[CB 0 −SB 0

0 1 0 0
SB 0 CB 0
0 0 0 1

]    A AO =[1 0 0 0
0 1 0 D y

0 0 1 0
0 0 0 1

]                            (19)

AP
A =[1 0 0 0

0 CA SA 0
0 −SA C A 0
0 0 0 1

]    ATp =[1 0 0 P x
0 1 0 P y−Dy

0 0 1 Pz
0 0 0 1

]                            (20)

Executing the matrix multiplications starting from the left:

AA
w = AO

w ⋅ AA
O

AA
w =[CB 0 −SB 0

0 1 0 0
SB 0 CB 0
0 0 0 1

]⋅[1 0 0 0
0 1 0 Dy

0 0 1 0
0 0 0 1 ]=[CB 0 −SB 0

0 1 0 Dy

SB 0 CB 0
0 0 0 1

]
AP

w = AA
w ⋅ AP

A

AP
w =[CB 0 −SB 0

0 1 0 D y

SB 0 CB 0
0 0 0 1

]⋅[1 0 0 0
0 C A SA 0
0 −SA CA 0
0 0 0 1

]=[CB SA SB −SBC A 0
0 C A SA D y

SB −SACB C ACB 0
0 0 0 1

]



At
w = AP

w ⋅ A t
P

At
w =[CB SA SB −SBC A 0

0 CA SA D y

SB −SACB CACB 0
0 0 0 1

]⋅[1 0 0 P x
0 1 0 P y−Dy

0 0 1 Pz
0 0 0 1

]
At

w =[CB SA SB −SBC A CBP x+SASB(P y−D y)−SBC A Pz
0 CA SA CA (P y−Dy)+SA Pz+DY
SB −SACB CACB SBP x−SACB(P y−D y)+C ACB Pz
0 0 0 1

]                  (21)

Q=[Qx

Q y

Q z

1
]=[CBPx+SASB(P y−D y)−SBC A Pz

C A (P y−D y)+SA P z+DY
SBP x−SACB(P y−Dy)+C ACBP z

1
]                                  (25)

Q=[Qx

Q y

Q z

1
]=[CB SA SB −SBC A −SA SBD y

0 CA SA −C AD y+Dy

SB −SACB CACB SACBD y

0 0 0 1
]⋅[P xP yPz
1

]= AP
Q ⋅P                            (26)



Inverse transformation

Using             A pq =[R q
0 1 ]                

and (26)
We extract the rotation matrix R and the translation vector q: 

R=[CB SASB −SBC A

0 C A SA
SB −SACB C ACB ]     q=[ −SASBD y

−C AD y+Dy

SACBD y
]

Using                ( A pq )−1=[RT −RT q
0 1 ]

−RT=[ −CB 0 −SB
−SA SB −C A SACB
SBC A −SA −C ACB]

−RT q=[ −CB 0 −SB
−SA SB −C A SACB
SBC A −SA −CACB]⋅[

−SA SBD y

−C ADy−D y

SACBD y
]=[ 0

SA
2 SB

2 Dy+C A
2 D y+C AD y+SA

2 CB
2 D y

−SASB
2 C AD y+SAC AD y+SAD y−SAC ACB

2 Dy
]

P=( AP
Q )⁻ 1⋅Q

P=[PxP yPz
1

]=[ CB 0 SB 0
SA SB C A −SACB SA

2 SB
2 D y+CA

2 Dy+C AD y+SA
2 CB

2 Dy

−SBC A SA C ACB −SA SB
2 C ADy+SACA Dy+SADy−SAC ACB

2 D y

0 0 0 1
]⋅[Qx

Qy

Q z

1
]         (27)

P x=CBQx+SBQz
P y=SASBQx+CAQ y−SACBQ z+SA

2 SB
2 Dy+C A

2 D y+C AD y+SA
2 CB

2 D y

P z=−SBCBQx+SAQy+C ACBQ z−SA SB
2C AD y+SAC ADy+SAD y−SAC ACB

2 Dy

                    (28)


	Forward transformation
	Inverse transformation

